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Abstract

The effects of a harmonically varying normal load on transient responses of a two-degree-of-freedom
torsional system, with nonlinear dry friction and under sinusoidal torque excitation, are reported. An
approximate analytical solution for pure slip-type transients is first obtained and confirmed with
computational studies. Although the negative slope in friction–velocity characteristics introduces
substantial stick-slip motions, a well-tuned normal load could possibly attenuate such motions. Key
parameters controlling the engagement rate are identified.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Recently, Duan and Singh examined the nonlinear dynamics of a two-degree-of-freedom (2-
dof) torsional system with a dry friction controlled path and found significant stick-slip motions
[1,2]. However, the prior studies assumed a constant normal load N: In this communication, we
investigate the effect of time-varying N for the same torsional system. An immediate application
of this work is the slipping torque converter clutch (TCC) that is employed in an automotive
driveline system, as illustrated in Fig. 1(a). Unlike a pure dry friction damper that has been
examined by many researchers [3–5], the dry friction element of Fig. 1(a) is used as a key path to
see front matter r 2004 Elsevier Ltd. All rights reserved.
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Fig. 1. Torsional systems with dry friction element. (a) Automotive driveline system with torque converter clutch; (b)

schematic of a 2-dof system.
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transmit the mechanical power. The nonlinear friction torque Tsf is applied by an actuation
pressure P(t), and in this study, we assume P(t) to be harmonic along with a mean term. Fig. 1(b)
shows the schematic representation of a reduced automotive driveline system. Here, I1 represents
the combined torsional inertia of a flywheel, I2 is the inertia of the friction shoe and pressure plate,
I3 is the wheel and vehicle sub-system that is assumed to be rigid. The governing equations for this
system are

I1 €y1 þ Tf ð
_y1 � _y2; tÞ ¼ TeðtÞ ¼ Tm þ Tp sinðotÞ, (1a)

I2 €y2 þ C23
_y2 þ K23y2 ¼ Tf ð

_y1 � _y2; tÞ. (1b)

Here, y1 are y2 are absolute angular displacements; C23 and K23 are the lumped viscous damping
and stiffness associated with the automotive driveline. The engine torque excitation TeðtÞ is
composed of mean Tm ¼ hTeit and pulsating Tp components, where hit is the time-average
operator. When relative motions are of interest, rewrite Eq. (1), where d1 ¼ y1 � y2 and d2 ¼ y2 :

I1 €d1 �
I1

I2
C23

_d2 �
I1

I2
K23d2 þ 1:0þ

I1

I2

� �
Tf ð

_d1; tÞ ¼ Tm þ Tp sinðotÞ, (2a)

I2 €d2 þ C23
_d2 þ K23d2 ¼ Tf ð

_d1; tÞ. (2b)
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2. Nonlinear time-varying dry friction formulation

The nonlinear friction torque Tf ð
_d1; tÞ is carried by the clutch and then it acts as an equivalent

torque excitation to the downstream system. In a realistic automotive system, a pulse-width-
modulated solenoid valve would generate PðtÞ by changing the command value or duty ratio [6,7].
That results in a nonlinear time-varying (NLTV) friction torque formulation, Tf ð

_d1; tÞ ¼
mð_d1ÞPðtÞAR; where m is the velocity-dependent coefficient of friction. Note that A and R are
pressure area and moment arm and they are assumed to be time-invariant. Express the PðtÞ profile
in the form of a sinusoidal signal with mean pressure Pm; amplitude Pp; starting time t0 and the
actuation pressure frequency of :

PðtÞ ¼
0; tot0�;

Pm þ Pp sinðof t þ cÞ; tXt0þ:

(
(3)

Here, c is the phase lag between the actuation pressure and TeðtÞ: In this study, we set the initial
engagement time at t0þ ¼ 0 without loss of generality and PðtÞ is assumed to be positive-definite to
ensure that no separation occurs across the frictional interface, i.e. Pp=Pm 2 ½0; 1Þ: The following
friction formulation mð_d1Þ is employed, since the aim of this study is to examine the
phenomenological dynamic behavior [8]:

mð_d1Þ ¼
mk þ ðms � mkÞe

�a _d1j j
h i

sgnð_d1Þ; _d1
�� ��40;

½0 ms�; _d1 ¼ 0:

8<
: (4)

Here, a is a positive constant that controls the gradient of m with respect to _d1; ms is the static
friction coefficient; mk is the kinetic friction coefficient and sgn is the conventional triple-valued
signum function. In our study, a ¼ 2 is chosen for the sake of illustration. To further reduce the
system parameters, we could incorporate mk; A and R within PðtÞ to yield the NLTV friction
torque Tf ð

_d; tÞ as

Tf ð
_d; tÞ ¼ m̄ð_d1ÞTsðtÞ; TsðtÞ ¼ mkA R PðtÞ ¼ Tsm þ Tsp sinðof t þ cÞ. (5a,b)

Here, m̄ð_d1Þ has been normalized with respect to mk. Further, the sign function of Eq. (4) is
smoothened by a hyper-tangent function to facilitate the numerical integration [9] for the
nonlinear stick-slip motions:

m̄ð_d1Þ ¼ 1:0þ
ms

mk

� 1:0

� �
e�a _d1j j


 �
tanhðs_d1Þ. (6)

A value of 50 is chosen for the smoothening factor s: Duan and Singh [1,2] have justified this
choice by applying the same formulation and factor to a similar automotive drive train torsional
system.
3. Pure slip transient response

Typical parameters for the reduced driveline system of Fig. 1(b) are: I1 ¼ 0:2 kg m2; I2 ¼

0:02 kg m2; C23 ¼ 0:6 Nm rad=s; K23 ¼ 3000 Nm=rad; A ¼ 0:08 m2; R ¼ 0:1 m; ms ¼ 0:3; mk ¼
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Fig. 2. Typical transient response for the 2-dof torsional system given o ¼ 150  =s; Tm ¼ 300; Tp ¼ 250; Tsm ¼ 500;
Tsp ¼ 0:2Tsm; of ¼ o; c ¼ 0; mk ¼ 0:8mk and Oe ¼ 150  =s:
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0:15� 0:36; Tm ¼ 300 N m and Tp ¼ 250 N m: First, observe a pure slip transient in Fig. 2 that
results due to a speed difference between I1 and I2 during the initial engagement. Second, if we
were to assume that only (pure) positive slip motions (_d140) occur and that mk ¼ ms since the
negative gradient dominates only when _d1 approaches zero, Eqs. (2a,b) can be approximated as

I1 €d1 �
I1

I2
C23

_d2 �
I1

I2
K23d2 þ 1:0þ

I1

I2

� �
ðTsm þ Tsp sinðof t þ cÞÞ ¼ Tm þ Tp sinðotÞ, (7a)

I2 €d2 þ C23
_d2 þ K23d2 ¼ Tsm þ Tsp sinðof t þ cÞ. (7b)

Assuming that I1 rotates at the same speed as the engine and the rest of the driveline system stays
still before any engagement process can take place, we obtain the following initial conditions:

d1ð0Þ ¼ 0; _d1ð0Þ ¼ Oe; d2ð0Þ ¼ 0; _d2ð0Þ ¼ 0. (8a2d)

An analytical solution to Eq. (7b) is then given by a sum of complementary and particular
solutions as

d2ðtÞ ¼ e�Bontða cosðodtÞ þ b sinðodtÞÞ
� 

þ
Tsm

K23
þ

Tspffiffiffiffi
L

p sinðof t þ cþ fÞ
� �

. (9a)

on ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K23=I2

p
; B ¼ C23= 2

ffiffiffiffiffiffiffiffiffiffiffiffi
K23I2

p� �
; od ¼ on

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� B2

p
, (9b2d)

L ¼ ðK23 � I2o2Þ þ ðC23oÞ
2; f ¼ �tan�1ðC23o=ðK23 � I2o2ÞÞ. (9e,f)
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The constants a and b of Eq. (9a) are determined by applying the initial conditions (8c,d):

a ¼ �
Tsm

K23
�

Tspffiffiffiffi
L

p sinðcþ fÞ; b ¼
1

od

aBon �
Tspffiffiffiffi
L

p of cosðcþ fÞ
� �

. (10a,b)

Substitute Eq. (10) into Eq. (7a) to yield the solutions for €d1 and _d1; respectively, as

€d1ðtÞ ¼
ðTm � TsmÞ

I1
þ

Tp

I1
sinðotÞ �

Tsp

I1
sinðof t þ cÞ

þ
Tspffiffiffiffi
L

p o2
f sinðof t þ cþ fÞ

þ e�Bont ð�ao2
d � 2Bbonod þ B2o2

naÞ cosðodtÞ
�

þ ð�bo2
d þ 2Baonod þ B2o2

nbÞ sinðodtÞ

, ð11aÞ

_d1ðtÞ ¼ Vm þ
ðTm � TsmÞ

I1
t

þ

Z
Tp

I1
sinðotÞ �

Tsp

I1
sinðof t þ cÞ þ

Tspffiffiffiffi
L

p o2
f sinðof t þ cþ fÞ

� �
dt:

þ

Z
e�Bont ð�ao2

d � 2Bbonod þ B2o2
naÞ cosðodtÞ

�
þð�bo2

d þ 2Baonod þ B2o2
nbÞ sinðodtÞ


dt. ð11bÞ

The _d1ðtÞ solution is further given in the following functional form, where the coefficients a0; a1;
a21; a22 and a3 are defined by Eq. (11b):

_d1ðtÞ ¼ a0 þ a1t þ a21 sinðot þ j21Þ þ a22 sinðof t þ j22Þ
� 

þ a3e
�Bont sinðodt þ j3Þ. (12)

The above solutions lead to some interesting results. Under the situation when the amplitude of
the oscillatory part is small and when the decaying component dies out quickly, the clutch
engagement rate is controlled by a ramp of gradient a1 ¼ ðTm � TsmÞ=I1: The time-varying
friction torque Tsp contributes to the oscillatory motion during the ramp. Numerical results of
Fig. 3(a) confirm the analytical functional forms of Eqs. (11b) and (12). As shown in Fig. 3(a),
when Tm=Tsm is increased from 0.75 to 0.9, the ramp gradient decreases. Further, Fig. 3(b) shows
the effects of I1 from 0.2 to 0.4. Analytically, an increase in I1 indicates more kinetic energy and
thus the dissipation process should take more time. Conversely, when the oscillatory and decaying
parts dominate the pure slip motion, it is difficult to determine the ramp gradient rate.
Nonetheless, our analysis still gives a guideline regarding the value of ðTm � TsmÞ: As shown in
Fig. 4, when Tm is higher than Tsm; no final engagement can be realized because the a1t term in
Eq. (12) would monotonically grow with time and ultimately it would dominate the response.
4. Stick-slip transient response (judder) and effect of harmonically varying dry friction

When _y2 approaches _y1 subsequent to the pure slip motion as discussed in the previous section,
stick-slip transient motions would take place. In addition to introducing an objectionable noise
problem, significant stick-slip torsional motions could be transferred by the differential to the
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Fig. 3. Effect of the 2-dof system parameters on pure slip transients. (a) Effect of Tsm: —, Tm=Tsm ¼ 0:75; Tsp ¼ 0;
   , Tm=Tsm ¼ 0:75; Tsp=Tsm ¼ 0:167; – – –, Tm=Tsm ¼ 0:9; Tsp=Tsm ¼ 0:167: (b) Effect of I1: —, I1 ¼ 0:2; – – –,
I1 ¼ 0:4:
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vehicle in the form of fore-after jerk. This phenomenon is usually referred to as the clutch judder
problem that typically occurs at low frequencies [10]. Yamada and Ando [11] and Centea et al.
[10] have called this the ‘‘negative damping’’ problem, introduced by the negative slope of mkð

_d1Þ:
Similar to their research, the negative slope of mk will be first investigated under a time-invariant
friction torque Tsm: Then we will examine the effect of TsðtÞ under the mk ¼ ms assumption.
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From the friction formulation of Eq. (6), a decrease in mk with
_d1 affects the system in two ways.

First, a negative slope regime is formed. Second, the saturation friction torque Tsm ¼ mk ARPm is
reduced and thus more slip motions are allowed. Fig. 5 shows results for three values of mk: As
expected, the stick-slip motions become more pronounced when mkoms; because the negative
damping enhances the slip motions. Conversely, when mk4ms; the stick-slip motions are
attenuated as a result of the positive damping as well as a higher value of Tsm; as seen in Fig. 5(a)
and (b). To illustrate the effect of the negative slope more clearly, Fig. 6 compares the results for
two cases of Tsm and mk: Note that although a reduction in Tsm would enhance the stick-slip
motions, the negative slope characteristics (mkoms) could further amplify them.
To examine the effect of harmonically varying friction torque on judder, first apply TsðtÞ at

of ¼ o; where o is the frequency of engine torque TeðtÞ; but with a phase lag of c: Results of
Fig. 7(a) show that in-phase TsðtÞ tends to attenuate the stick-slip motions. A physical explanation
can be found by analyzing the relationship between TeðtÞand TsðtÞ in a quasi-static manner as
shown in Fig. 8(a). Note that only positive stick-slip motions (_d1X0) are excited under a
significantly high positive mean torque Tm:When the engine torque TeðtÞ is higher, say in the first
half cycle ðot 2 ½n2p n2pþ p=2Þ; n ¼ integerÞ; the friction interface tends to initiate positive
slipping motions. Quasi-statically, a higher value of Ts should suppress this tendency. But when
there is a phase lag between Ts and Te; such a suppression should be reduced. One could
mathematically explain this by rewriting Eq. (7a) in the form

I1 €d1 �
I1

I2
C23

_d2 �
I1

I2
K23d2 ¼ Tm � 1:0þ

I1

I2

� �
Tsm


 �

þ Tp sinðotÞ � 1:0þ
I1

I2

� �
Tsp sinðot þ cÞ


 �
. ð13Þ
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Fig. 5. Effect of mk on the transient stick-slip responses of a 2-dof system. (a) o ¼ 70  =s and Tsm ¼ 550Nm; (b)
o ¼ 50  =s and Tsm ¼ 550Nm: Key: —, mk ¼ ms;    , mk ¼ 0:75 ms; –  –, mk ¼ 1:25ms:
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As noted, when positive slipping tends to occur in the first half engine torque cycle, c ¼ 0
provides the maximum decrease of the effective excitation as illustrated by the right-hand side of
the above equation. This is consistent with the observation of Fig. 8(a).
Fig. 7(b) illustrates the case of mismatch between of and o: Observe that TsðtÞ with a

mismatched frequency produces more slip motions. A similar physical explanation is presented in
Fig. 8(b). Since of ao and ca0; some ‘‘leakage’’ as indicated by the shaded areas occurs and
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Fig. 6. Effect of reduced Tsm and negative slope in friction torque on the transient response of a 2-dof system when

excited at o ¼ 50  =s: (a) —, Tsm ¼ 550Nm; mk ¼ ms;    , Tsm ¼ 412:5; mk ¼ ms; (b) —, Tsm ¼ 550Nm; mk ¼ ms;
– – –, Tsm ¼ 412:5Nm; mk ¼ 0:75ms:
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consequently the slip motions are enhanced. Further, a time-varying TsðtÞ with of ¼ o and c ¼ 0
is applied to a clutch with negative damping. Results of Fig. 9 show that TsðtÞ could efficiently
reduce the judder problem in this case. Nonetheless, the explanation of Fig. 8 only applies at lower
frequencies due to its quasi-static nature. As o increases, phase delay between excitation and
response may become important and the quasi-static explanation is no longer valid.



ARTICLE IN PRESS

0 0.1 0.2 0.3 0.4 0.5 0.6
0

10

20

30

40

50

60

70

80

90

0 0.1 0.2 0.3 0.4 0.5 0.6
0

20

40

60

80

100

120

140

t, s

. δ 1
(t

),
 r

ad
/s

 
. δ 1

(t
),

 r
ad

/s
 

t, s(a)

(b)

Fig. 7. Effect of harmonically varying friction on stick-slip transients of a 2-dof system. (a) Effect of phase lag c given
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5. Conclusion

Specific effects of a significant dry friction path on the transient responses of a torsional system
have been reported. An analytical solution for the pure slip motion is obtained based on a
simplified linear system analysis. Our analyses show that three key parameters (Tm; Tsm and I1)
control the engagement rate within the friction interface. The TmpTsm guideline has to be strictly
followed to ensure the final engagement. The friction characteristics with a negative slope (mkoms)
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are found to significantly affect the system dynamics in two ways: introduction of the ‘‘negative’’
damping effect and a reduction in the saturation friction torque. Although the negative damping
may induce judder (substantial stick-slip motions), a well-tuned harmonically varying dry friction



ARTICLE IN PRESS

C. Duan, R. Singh / Journal of Sound and Vibration 285 (2005) 1223–12341234
torque could possibly quench this behavior. Both physical and mathematical explanations have
been proposed. Further studies will be reported in a subsequent article.
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